Abstract The effect of parametric uncertainty in recharge rate and spatial variability of hydraulic conductivity upon free-surface flow is investigated in a stochastic framework. We examine the three-dimensional free-surface gravitational flow problem for sloped mean uniform flow in a randomly heterogeneous porous medium under the influence of random recharge. We develop analytic solutions for the variance of free-surface position, head, and specific discharge on the free surface. Additionally, we obtain semi-analytic solutions for the statistical moments of head and specific discharge beneath the free-surface. Statistical moments are derived using a first-order approximation and then compared with their parallel in an unbounded medium. The effect of recharge mean and variability on the statistical moments is analyzed. Results can be applied to more complex flows, slowly varying in the mean.
Introduction
The accurate modeling of flow and transport in a heterogeneous phreatic aquifer requires detailed knowledge of aquifer recharge and geological makeup. The measurement of aquifer recharge is a complex task; although related to the amount of rainfall, the amount of aquifer recharge is a function of evaporation, evapo-transpiration, and flow in the vadose zone. Many different techniques for determining recharge exist (see Scanlon (2002) for an overview), each of varying degrees of accuracy. ''The reliability of recharge estimates using different techniques is variable.... Uncertainties in each approach to estimating recharge underscore the need for application of multiple techniques to increase reliability of recharge estimates, '' Scanlon (2002) .
Furthermore, it is widely recognized that natural formations are heterogeneous and that the spatially variable conductivity K (x) may change by orders of magnitude in the same geological unit. These variations are of an irregular nature and are characterized by length scales much larger than the pore-scale. This intrinsic large-scale heterogeneity may have a large impact on flow and transport. Hence, it is customary to model conductivity by a random function to capture the uncertainty (e.g. Dagan, 1989; Gelhar 1994) . Under this framework, fluid pressure, velocity, and interface location become random functions.
Scanlon (2002) adds that ''uncertainties in hydraulic conductivity could readily result in order-of-magnitude uncertainties in recharge estimates.'' Therefore, under conditions in which recharge is determined by unsaturated-saturated flow models, dependent on hydraulic conductivity, or in which the most appropriate method for recharge determination is unknown, it may be necessary to consider recharge to be a random variable, possibly variable in space and time. For example, in Dagan and Rubin (1988) recharge is deduced from a stochastic inverse method leading to a description of the mean and variance of recharge, which varies over time.
Although there is a large body of work on the topic of flow in both the saturated (e.g. Dagan, 1989 , Gelhar, 1994 and unsaturated zones (e.g. Russo and Dagan, 1993) , in randomly heterogeneous porous media, very little work addresses flow at and near the watertable, the interface of these two zones.
Finding the shape of the free surface between the saturated and unsaturated zones involves solving a set of partial differential equations in a domain whose boundary shape is unknown a priori. Although the equation governing flow in the interior flow domain is linear, the unknown shape of the interface boundary makes this problem nonlinear, and thus difficult to solve even in the simplest conditions. The traditional approach to solving the free-surface flow problem is to regard the medium as homogeneous, of constant hydraulic conductivity K. Various approaches and solutions of the free-surface flows have been advanced in the past for such media (Polubarinova, 1962 and Bear, 1972) .
Very little has been done, however, in order to investigate the impact of random heterogeneity upon freesurface flows, which is understandable in view of the problem's complexity. Recently, Dagan and Zeitoun (1998) have derived a few solutions under Dupuit (shallow water) assumption for a stratified medium, while Fenton and Griffiths (1996) and Revelli and Ridolfi (2000) , have solved numerically several cases of two-dimensional flow. Tartakovsky (1999) has derived a complex set of nine integro-differential equations describing the mean and covariance of pressure head and free-surface position under more general conditions, but does not provide analytical or numerical solutions. Tartakovsky and Winter (2001) present a more thorough investigation of free-surface flow in a randomly heterogeneous porous medium. Recently, Amir and Dagan (2002) have studied the problem of three-dimensional gravity driven flow in a semi-infinite randomly heterogeneous phreatic aquifer without recharge, and Amir (2003) has expanded this work to the case of constant deterministic recharge.
Two works related to investigating the effect of random recharge on free-surface flow are the numerical studies of Foussereau et al. (2001) and Zhang and Lu (2002) which consider the effects of random rainfall on coupled unsaturated-saturated flows. Foussereau et al. (2001) study contaminant transport in a coupled unsaturated-saturated flow domain. They used a random weather generator to reproduce a stationary rainfall series related to the weather statistics of Olympia, Washington and Bradenton, Florida. They found that ''random rainfall produced only slightly larger prediction uncertainty than the uniform rainfall case.'' In their simulations, rainfall was fully absorbed into the unsaturated zone, such that there was no need to calculate recharge across the free surface. Zhang and Lu (2002) found that in a two-dimensional flow field with random infiltration at the surface, the variability of the infiltration rate has a large effect on the variability of pressure in the unsaturated zone, but a small effect on head in the saturated zone. Neither study assesses the variability of recharge entering the saturated zone, that zone, which is the necessary input for a free-surface flow approach.
In this study we wish to analytically determine the effect of random recharge on the uncertainty of freesurface position, head, and flux. This is accomplished be examining a simple case of wide application. We study flow in a semi-unbounded aquifer in which the mean flow is uniform. Such a configuration is typical in the field when one is looking at flow and contaminant transport sufficiently far away from wells. In this framework we will examine the cases of steady state uniform flow with random recharge (see Fig. 1 ). This study is accomplished by developing an analytical first-order perturbation solution for the moments of free-surface location, fluid head and velocity, accurate to second order in the variance of log conductivity, the perturbation parameter. The perturbation approach, which in theory requires that the perturbation parameter be small (< 1) has in fact been shown in many several works to be accurate when the variance of log conductivity is larger e.g. (Bellin et al., 1992 , Neuman and Orr 1993 , Guadagnini and Neuman 1999 , Tartakovsky et al., 1999 .
Statement of problem
In order to study the effect of medium heterogeneity and random recharge on flow across a free-surface, we take the hydraulic conductivity and recharge to be represented by random fields. In this stochastic setting, for each realization x of the random conductivity Kðx 0 ; xÞ and recharge Rðx 0 ; xÞ, there is a corresponding realization of the solution. Rather than describing the solution corresponding to one particular realization, we are interested in describing the behavior of the mean and variance of the free-surface location, hydraulic head, and fluid velocity. We extract these properties from the governing equations of flow. Our flow domain is the semi-infinite analogy of a phreatic aquifer bounded above by the watertable at z 0 ¼ gðx 0 ; y 0 Þ, below by a sloped impermeable layer and on the sides by fixed head boundary conditions. Steady state flow in a saturated porous media is described by the continuity equation and Darcy's law, r Á qðx 0 Þ ¼ 0;
respectively, where q is specific discharge, K is hydraulic conductivity, / ¼ p=c þ z 0 is the head, p is the pressure, c is the fluid specific weight, z 0 is the vertical coordinate and The boundary conditions for flow in a semi-unbounded aquifer bounded by a phreatic watertable/free surface of height z 0 ¼ gðx 0 ; y 0 Þ, are given by, Fig. 1 Schematic of uniform flow below the watertable
